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ABSTRACT 
We study the asymptotic behavior of the zeros of certain families of 3F2 functions. Classical tools 
are used to analyse the asymptotic behavior of the zeros of the polynomial 3F2 
addition, families of 3F2 functions that are connected in a formulaic sense 
metric polynomials of the form 2Fi z), b > 0 are investigated. Nu- 
merical evidence of the clustering o by Mathematics. 
1. INTRODUCTION 
The general hypergeometric function with p numerator and q denominator 
parameters is defined by 
where 
(c& = a((;~ + l)...(~ + k - l), k 2 1, k E N 
is Pochhammer’s symbol. 
If one of the numerator parameters is equal to a negative integer, say 
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al = -y1, y1 E N, then the series terminates and is a polynomial of degree II. Two 
questions arise: the nature and location of the zeros of the polynomial; the 
asymptotic zero distribution of the polynomial as y1+ co. 
For Gauss hypergeometric polynomials (p = 2, 4 = l), the Euler integral 
representation, together with techniques developed by P. Borwein and W. Chen 
in [2], generate the asymptotic zero distribution of ZFI ( -zDktil ; z > for k, n E N 
(cf. [3]). This result was generalized in [5] to allow k to be any positive real 
number. Using different techniques which involve the direct investigation of the 
zero distribution of a 3I;z polynomial, the asymptotic behavior of the zeros of 
the polynomial 2Fl (--“;,” ; z) for n E N and b > 0 is obtained in [4]. We shall use 
these results and state them here for the convenience of the reader. 
Theorem 1.1. (cf. [5], Theorem For each real number k > 0, the zeros of the 
hypergeometric polynomials 2Fl approach the section of the lemnis- 
cute 
z : Izql - z)I = 
kk 
(k + l)k+l 
, W) > -j-$ 
as n + 00. Furthermore, every point on this curve is a cluster point of zeros. 
Theorem 1.2. [cf. [4], Theorem 4.1.1 Let b > 0 and n E N. For the zeros z of the 
hypergeometric polynomial 2Fl (I~;: ; z), we have i = w approaches the Cassini 
curve 
((2w-1)2-11)=1 as n+~. 
In this paper we consider the asymptotic behavior of the zeros of three different 
classes of 3F2 functions. The graphics are generated using Mathematics. 
2. TWO CLASSES OF 3F2 POLYNOMIALS 
We assume in each of the theorems below that n E N and b E R and that de- 
generate values of b which lead to polynomials of lower degree have been ex- 
cluded. 
An investigation of the zeros of the polynomial 3F2 
( 
,+-,l;n:ir2f-, ; z 
> 
using 
Mathematics, revealed that they seem to approach the unit cirdle as n -+ W. We 
are able to analyse the asymptotic zero distribution by using classical tools 
along the same lines as those used in [4]. It may be possible to analyse the 
asymptotic zero distribution of other classes of 3F2 polynomials using similar 
techniques but thus far we have only been successful in doing so when the unit 
circle is the curve which the zeros approach asymptotically. 
For simplicity of notation we write 
3F2 
-n,n + 1,1/2 
b+n+l,l -b-niz > 
=: 2 an,tzl. 
I=0 
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Lemma 2.1. Let b > 0. 
(i) For all integers 0 < 1 < n we have that a,,/ 2 (l+ l)eifr where y is Euler> 
constant. 
(ii) F ora me ersOsl<nwehavethat I1 . t g 
F < (I+ 1)2be2by. 
Proof. 
(i) First the case where 0 < 1 < n. We have 
(1) w= (n-Z)(n+Z+1)(22+1) a,,[ (n - I+ b - l)(b + n + Z + 1)(2Z + 2) 
(n - 0 
’ (n-l+b- 1) 
=1+ 
l-b 
n-lfb-1 
which implies that 
In an I+1 
l-b --< 
an,1 -n-Z+b-1 
Hence 
l-1 
In a,,l = ln,gOz 
nJ 
I-1 
=~l&&! 
j=O 
l-l 
< 
c 
l-b 
- 
j=on-j+b- 1 
I-1 
5 c 
1 
j,on-Z+b+j 
since b > 0, n - 1 > 0, j > 0 
=n-:+b’I$n-lkb+j 
<i+ln(Z+ 1) +y. 
It follows that a,,, 5 (1 + 1)s k+r. The cases where 1 = 0 and 1 = n are trivial. 
(ii) Let 0 < Z < n. From (l), replacing Z by n - 1, we have 
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~Jz+b-l)(b+2rz-z+1)(2n-2Z+2) an n-l 
qn-z+l (Z)(2n-Z+1)(2n-22+1) . 
Since 
Z+b-1 b-l 
Z 
=-l$T 
b-i-2n-Z+l=1+ b 
2n-I+1 2n-If1 
2n-21+2 1 
2n-2z+1 =I+ 2n - 2z+ 1 
implies that 
l,Z+b-l<b-I 
Z - z 
lnb+2n-Z+l< b 
2n-I+1 -2n-Zfl 
ln2n-21+2< 1 
2n-2Z+l -2n-2Z+l 
it follows that 
an n-1 InA = ln fi av-j 
an,n j = 1 an,n-j+l 
1 
=c 
42 n-j 
In’ 
j=l a+j+l 
1 
+ 
2n-2j+1 
b 1 1 
2n-j+1+2?2-2j+1 j 
Therefore 
5 2b(ln(Z + 1) + y). 
F < (I + q2be2by. 
If Z = 0 and 1 = 12, the result is immediate. 
Theorem 2.2. For b > Ojixed, the zeros of 
3F2 
( 
--n,n + 1,1/2 
b+n+ 1,l -b--niz > 
approach the unit circle as n -+ m. 
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Proof. From Lemma 2.1(i) it immediately follows that the sequence of poly- 
nomials X:=0 a,,lzl is uniformly bounded on R = (z E @ : lzlp, 0 < p < 1). 
Furthermore, since for fixed I, 
(-n)h + %(1/2), 
an~’ = (b + n + l)[(l - b - n)l(l)l 
(l/4, --f- asn+cm, 
(l), 
C;= 0 a,;lz’ converges pointwise, and therefore uniformly by Vitali’s theorem 
(cf. [6], p. 252, Theorem 15.3.2) to 
g (W2)lz” = 2Fl ;> 1 
[=O m ( > 1 7 = (1 - z)-“. 
Since the latter function does not have any zeros inside the unit disc, by Hur- 
witz’s theorem (cf. [6], p. 205, Theorem 14.3.4) there exists an index no such that 
CyZo a,,lz’ does not have zeros on R for n > no. Hence there exist numbers pn, 
with 0 < pn < 1, so that pn + 1 and we can ensure that pn > p for n > no. 
From Lemma 2.l(ii) it also follows that the sequence of polynomials 
&~;=,a,,,&)’ = C;=,e z1 is uniformly bounded on R. Furthermore, since 
for fixed I, 
an n-i Fl&b - 24BMl), @I, 
z = (l)l(-2n)1(1/2 - n),(l),-l --) (I), a’ Iz + m’ 
C;= o s z1 converges pointwise, and therefore uniformly by Vitali’s theorem, 
to 
c m (b)iz” =2Fl [=rJ (l), = (1 -Z)? 
Since the latter function does not have any zeros inside the unit disc, by Hur- 
witz’s theorem there exists an index no such that E CyXo a,,l(i)” does not have 
zeros on Q for n > no, i.e. C;=, a,,lz’ does not have zeros IzI > i. Hence there 
exist numbers rn, with yfl > 1, so that r, + 1 and we can ensure that r, 5 i for 
n > no. 
Hence all the zeros of CyZo a,,lz’ lie in the annulus {z E C : pn < Iz/ 5 r,}, 
which proves the result. 
For purposes of illustration, the zeros of 3F2 ( ,+,:y:“t_,;z > with b = 
0.56 and n = 4,7,10,15,25 and 30 respectively are shown’in figure 1. Figure 2 
shows the same 3F2 but with b = 2.73 and n = 5,6,7,15,30,45. 
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n=4 n=7 n=lO 
il> *(J (-> . * 
n=15 n=25 n=30 
Figure 1. The curve IzJ = 1 and the zeros of 3&(-n, n + 1,;; 1 + n + 0.56,l - n - 0.56; z) for n = 
4,7,10,15,25 and 30. 
II=5 n=6 n=7 
. . . . 
l .  
.  . . 0 0 . . 0 
. . . . . . 
n=15 n=30 n=45 
. . i0: . : . . . . . . . . . 
Figure 2. The curve IzI = 1 and the zeros of &(-II, n + 1, i; 1 + n + 2.73,1 - n - 2.73; Z) for 
n = 5,6,7,15,30,45. 
can be written as product of ZFI poly- 
on the asymptotic zero behavior. 
Theorem 2.3. Let b > Ofixed, and let 
F= 3F2 
(i) There is always one zero of F at z = 1. 
(ii) The remaining n - 1 zeros of F approach the lemniscate 4121 = 11 - zj2 as 
n + co. 
Proof. The formula (cf. [7], p. 498, eqn. (15)) 
3F2 
a,a/2+l~b-1/2;z 
a/2,a-b+3/2 
= (1 -zj2Fl a+1~b+1!21z 
a - b + 312 
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with b - i = -n and a replaced by b yields the polynomial 
3Ei 
-n, b, b/2 + 1 
b/2,b+n+ 1” > 
(2) =(l-z),Fl 
-n+l,b+l b+n+l ;z 
> 
04-l 
= (b+n+ 1),1+,(1 -z)2F1 
-n+l,b+l 
-2nf2 
using the identity (cf. [I], p. 79, formula (2.3.14)) 
2F1 
- cc - b)* 2Fl -n, b 
(c)?l 1-n+b-c 
Clearly, one zero of F lies at z = 1 which 
1.2 we know that if {wk};Z, i is the set of zeros of ZFl 
proaches the curve ]w(l - w)I = i as 
approach the curve 
Figure 3 illustrates Theorem 2.3. with IZ = 3,5,15,20,25 and 29 respectively 
and b = 0.43. 
n=3 II=!3 n=15 
n=20 n=25 n=29 
Figure 3. The curve Iz/ = q and the zeros of &-n,0.43,1.215;0.215,~ + 2.43;~) for 
n = 3,5,15,20,25,29. 
3. A CLASS OF 3F2 FUNCTIONS 
The formula (cf. (71, p. 498, eqn. (12)) 
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3-F2 
a,a+ l/&b 
2a,b+l ;z > 
b, 1 + 2b - 2a 
b+l 
;l-g1-diq) 
with suitable choices of the parameters a and b leads to information about the 
asymptotic zero distribution of a family of 3F2 functions that are not poly- 
nomials.Ifweletz=1-u2,1+2b-2a=-nandb=kn+1wherek>O,we 
obtain 
3F2 (k + 1/+ + 3/T (k + l/Q + 2,kn + 1; 1 _ u2 
(2k+ l)n+3,kn+2 
From Theorem 1.1 we know that the zeros of p.Fl -2nkT11 ; 5 > will approach the curve 
U: 
Iu- Ilk = kk 
Iu + Ilk+’ 2(k + l)k+’ as ’ -+ 03’ 
The simplest case is k = 1 where the zeros cluster on the portion of the curve 
8(u- 11 = Iu+ II2 with Re($) > i. The graphical illustration of the clustering 
of the zeros is shown in Figure 4. 
n=3 n=5 I-l=10 
n=15 n=22 n=30 
000 
Figure4.Thecurvelu-lI=~andthezerosof3F2(IZ+1,~,$+2;3n+3,n+2;1-u2)for 
n = 3,5,10,15,22 and 30. 
Another interesting case is k = i where the portion of the curve on which the 
zeros Of 3F2 nf3/2;n+2,++1.1 --2 2n+3,n/2+2 1 > 
cluster as n + co is given by 
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Figure 5 exhibits this behavior as n increases. 
n=3 n=S n=lO 
n=15 n=24 r-r=31 
c--l;iag3 
Figure5.Thecurve~u-l~=~andthezerosof~F~(~+f,n+2,~+1;2n+3,~+2;1-u2)for 
n=3:5;10,15,24and31. 
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